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Abstract. For non-linear inverse problems, the mathematical structure
of the mapping from model parameters to data is usually unknown or
partly unknown. Absence of information about the mathematical structure of this function prevents us from presenting an analytical solution,
so our solution depends on our ability to produce eﬃcient search algorithms. Such algorithms may be completely problem-independent (which
is the case for the so-called ’meta-heuristics’ or ’blind-search’ algorithms),
or they may be designed with the structure of the concrete problem in
mind.
We show that pure meta-heuristics are ineﬃcient for large-scale, nonlinear inverse problems, and that the ’no-free-lunch’ theorem holds. We
discuss typical objections to the relevance of this theorem.
A consequence of the no-free-lunch theorem is that algorithms adapted
to the mathematical structure of the problem perform more eﬃciently
than pure meta-heuristics. We study problem-adapted inversion algorithms that exploit the knowledge of the smoothness of the misﬁt function of the problem. Optimal sampling strategies exist for such problems,
but many of these problems remain hard.

1

Introduction

Nonlinear inverse problems occur frequently in analysis of physical data, and a
variety of algorithms are used to produce acceptable solutions and to analyze
their properties. Some problems are only weakly nonlinear and can be locally
approximated by linear problems, but others are strongly nonlinear and require
special treatment. Modern digital computers have greatly improved our ability to
perform nonlinear data inversion, but still the limitations of current techniques
are strongly felt.
In this paper we intend to review and analyze some fundamental computational limitations to the solution of nonlinear inverse problems. We will put
special emphasis on the interplay between the solution algorithm and the structure of the problem to be solved. Our exposition will, in principle, be relevant
for the solution of inverse problems in general, but given the fact that nonlinear
inverse theory relies much more on the theory of search- and sampling algorithms than linear theory does, our considerations will be most relevant for the
nonlinear case.
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The Blind Inversion Problem

It is often reported in the literature that solutions to nonlinear inverse problems
were obtained by problem-independent algorithms, the so-called meta-heuristics.
This type of algorithms is claimed to work eﬃciently because of some general,
external (problem independent) principle. For example, simulated annealing [5]
inherits its eﬃciency from thermodynamic principles, genetic algorithms [6,7]
exploit evolutionary principles, and taboo-search [8] uses some ’common sense’
strategy. In the following, we will call these algorithms blind inversion algorithms,
and we will investigate their eﬃciency in some detail.
Blind inversion schemes may be very diﬀerent in character. They include
deterministic as well as Monte Carlo algorithms, and they all share the basic
property that they operate in a way that is independent of the particular inverse
problem. A blind inversion scheme operates - sequentially or in parallel - by
evaluating a misﬁt function (or ﬁt function) in points in the parameter space,
and a particular scheme is solely characterized by the strategy by which it selects new evaluation points from earlier selected points and their misﬁts. Some
algorithms estimate gradients of the misﬁt (e.g., steepest descent), some use a
proposal distribution combined with an acceptance probability (e.g., simulated
annealing), others compare misﬁts at several points and use a selection strategy
(genetic algorithms and the neighborhood algorithm [4,9,10].
In the following we shall analyze the performance of blind algorithms, but
ﬁrst we will brieﬂy review some general topological properties of general inverse
problems that impede algorithm eﬃciency when searching high-dimensional parameter spaces.

3

Basic Limitations in Blind Inversion Arising from the
Structure of the Problem

Consider a discrete, nonlinear inverse problem
d = g(m)

(1)

where d is a vector with N + P components, the ﬁrst N equations relate data
(d1 , . . . , dN ) to M model parameters m, and the remaining P equations express
our prior information through P ≤ M − N equality constraints. If we assume
that g is a C 1 -function, and that we have a solution m̂ to equation (1) for which


∂gi

g (m̂) =
(2)
∂mj m=m̂
has full row rank, the implicit function theorem [11] implies that eq. (1) deﬁnes a
solution-submanifold of dimension M −(N +P ) in the neighborhood around m̂ in
the parameter space. If data uncertainties and ’softness’ of the prior constraints
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are described by a neighborhood around d, acceptable solutions in the parameter space can be found in a neighborhood around the solution manifold
intersecting m̂.
In inversion aimed at locating only one acceptable solution, one will generally
try to supply a suﬃcient number of tight a priori constraints to ensure that
M = N + P . In this case, the solution space consists of neighborhoods around
isolated points in the parameter space.
Of course, the above description is based on a number of simpliﬁcations. For
instance: (1) We assumed that the matrix in equation (2) has full row rank. If this
is not the case, the mapping g is not surjective, meaning that the dimension of
the solution space is larger than in the full-rank case. (2) We have only considered
prior information deﬁned as (possibly softened) equality constraints. Introducing
constraints that allow the solution to exist only inside a bounded, possibly nonconvex, region may render the inverse problem even harder. (3) Strictly speaking,
in our theory M should not be the number of model parameters, but the number
of degrees of freedom in the model space. The arguments above can easily be
modiﬁed to take this into account.

4
4.1

Basic Algorithmic Limitations in Blind Inversion
The Performance of Blind Inversion Algorithms

We now turn to the question of assessing the relative merits of blind inversion
algorithms. The usual two ways of evaluating relative performances have been
(1) to argue for or against algorithms using common-sense, physical or other
arguments to discuss their ability to, e.g., locate acceptable misﬁt regions, or (2)
to select suitable test problems and arrange numerical contests between selected
algorithms. The ﬁrst approach does not provide quantitative measures of relative
performance, and the latter method is so sensitive to the selected problems and
the ’tuning’ of each of the considered algorithms that general conclusions are
tentative.
Here, we will follow a diﬀerent path leading to a quantitative comparison. Our
reasoning will be similar to the one behind the so-called No-Free-Lunch Theorem
[14]. It is based on a discretization where a ﬁnite number of parameters and
data are only allowed to attain a ﬁnite set of values. This double discretization
is actively used in genetic algorithms where parameters are often assumed to
be binary numbers with only a few bits. All other numerical methods are, of
course, also doubly discretized, because they run on digital computers with a
ﬁnite precision.
The doubly discretized inverse problem and the information collected by an
arbitrary, blind inversion algorithm will be described through the following notation. We consider:
– A ﬁnite set M of models. This set consists of all combinations of a ﬁnite
number of values attained by a ﬁnite set of parameters.
– A ﬁnite set set S of real numbers. These numbers are the possible ﬁt or
misﬁt values that can be generated by models in M.
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– The set FM of all ﬁt functions f : M → S.
– A sample of size m < |M| generated by an algorithm having sampled f ∈ F
in m distinct points:
{(m1 , s1 ), . . . , (mm , sm )}.

(3)

Note, that points resampled by an algorithm will only count once. On the
other hand, auxiliary sample points used by the algorithm, e.g. points sampled with the sole purpose of calculating an approximate ’gradient’, count
on equal footing with other sample points.
– The (time) ordered set of sample points (arguments indicate time-ordering):
C = {m1 , . . . , mm }.

(4)

– The (time) ordered set of corresponding values of f :
s1 , . . . , sm .

(5)

– The set FM|C of all ﬁt functions/probability distributions deﬁned on M,
but with ﬁxed values in C.
Consider a blind inversion problem where we have no knowledge of the actual
ﬁt function, and we search for at least one acceptable solution to the problem.
From the outset, the total number of possible ﬁt functions is equal to
|FM | = |S||M| .

(6)

We can now ask: What is the probability that an algorithm, when sampling M
in m distinct points, sees the function values s1 , . . . , sm ? To compute this we
observe that, when ﬁxing the function values at the m points of subset C (see
Figure 1), the number of remaining, possible ﬁt functions is narrowed in and is
equal to
(7)
|FM|C | = |S||M|−m .

Fig. 1. Knowledge of an unknown ﬁt function f after evaluation of the function in 5
points
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This means that the probability that an algorithm in m function evaluations
sees the particular ﬁt function values s1 , . . . , sm is
P (s1 , . . . , sm |a, m) = |FM|C ||FM |

−1

= |S|−m

(8)

This number is independent of the location of the sample points and hence the
algorithm used. Any algorithm a performing m iterations where it visits (algo(a)
(a)
rithm dependent) points m1 , . . . , mm can obtain functional values s1 , . . . , sm
with exactly |FM|C | diﬀerent ﬁt functions f ∈ FM , and |FM|C | is independent
of a, so for any pair of algorithms a1 and a2 we have
P (s1 , . . . , sm | m, a1 ) = P (s1 , . . . , sm | m, a2 )

(9)

where P ( · | · ) denotes conditional probability.
Any performance measure for inversion algorithms searching for near-optimal
data ﬁts is of the form Φ : S m → R, for instance:
Φ(s1 , . . . , sm ) = max{s1 , . . . , sm },

(10)

which must be large for good performance. Even Monte Carlo algorithms, aimed
at importance-sampling of probability distributions over the parameter space,
operate as near-optimization algorithms in the computer-intensitive, initial phase
(the burn-in phase) where the ﬁrst acceptable solution is sought.
The probability distribution of Φ(s1 , . . . , sm ) depends only on
P (s1 , . . . , sm | m, a), and as a consequence of equation (9) it is therefore
independent of the algorithm a. We have now shown
Theorem 1. (Similar to the No-Free-Lunch Theorem by Wolpert and Macready [14]). The distribution of any performance measure for inversion, when
all ﬁt functions are equally probable (blind inversion), is exactly the same for all
inversion algorithms.
4.2

Critique of the No-Free-Lunch Theorem

One obvious critique of the usefulness of the No-Free-Lunch Theorem is that,
in typical ﬁelds of application, the ﬁt functions belong to a narrow subfamily
of functions (e.g., smooth functions), and some algorithms work better than
others on such families. This objection is based on the observation that for each
function sub-family GM ⊆ FM , the total number of ways a particular set of ﬁt
values s1 , . . . , sm can be obtained in a set of m sample points m1 , . . . , mm from
ﬁt functions f ∈ GM will in general depend on m1 , . . . , mm (and hence on the
algorithm a that is choosing the sample points). However, this objection is, as
we shall see now, invalid in the blind inversion case.
Consider all subfamilies GM of functions in FM . Functions in subfamily GM
with ﬁxed values on the subset C form the set GM ∩ FM|C . The average number
of functions in such a subfamily is proportional to


|GM ∩ FM|C | =
|GM\C |
(11)
∀GM ⊆FM

∀GM\C
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The right-hand side of (11) depends only on |M| − |C| and hence only on the
number m. Hence, the actual elements of C, which are chosen as a result of
a’s search strategy, does not inﬂuence the average number of functions in GM ∩
FM|C . We have demonstrated
Theorem 2. The eﬃciency of blind inversion algorithms, averaged over all subfamilies of ﬁt functions, is the same for all inversion algorithms.
We have found that the eﬃciency of all blind inversion schemes, e.g., Steepest ascent/descent, Simulated Annealing, Markov-Chain Monte Carlo, Random
Search, Genetic Algorithm, Neighborhood Algorithm, Taboo Search, Line Search
and Exhaustive Search are exactly the same, when averaged over alle possible
inverse problems or subsets of problems.
How can we accept this surprising result when all experience shows that,
for instance, Random Search is much less eﬃcient than Genetic Algorithms?
The only explanation for the apparent paradox is that the above mentioned
blind algorithms are, in practice, supplemented with procedures that inform the
algorithm about the structure of the problem. As we shall discuss in the next
section, this is indeed the case.

5
5.1

The Informed Inversion Problem
The Necessity of Algorithm Tuning

We have demonstrated above that the performance of all blind inversion schemes
are exactly the same, when averaged over all conceivable ﬁt functions, or subsets
hereof. This means that if, for example, a genetic algorithm performs better
than a crude random search on certain problems, it will perform worse on other
problems. Apparently, this result is contradicted by the experience of a vast
number of researchers who have seen popular algorithms outperforming crude
random search by several orders of magnitude.
The only way we can resolve this paradox is to point at the tuning of inversion
algorithms. Most expositions explaining the functioning of inversion algorithms
emphasize the external ideas behind their design, and attribute the algorithm’s
eﬃciency to these ideas. Simulated Annealing is, for example, relying on an idea
taken from natural minimization of the internal energy seen in thermodynamical
systems under slow cooling, Genetic algorithms use ideas from natural biological
selection to generate near-optimal solutions, etc. The consequence of Theorem
1 above is, however, that none of these external design ideas can provide any
degree of success. Instead, we must turn to the tuning of algorithms to obtain
the desired eﬃciency.
Unfortunately, there is a vast number of very diﬀerent ways of tuning inversion
algorithms. For this reason we shall only discuss one of the most important ideas,
namely tuning to a known smoothness of the ﬁt function through the choice of
distance between sample points, for some algorithms termed the ’step length’.
An algorithm that is tuned to the problem is no longer a blind algorithm (a metaheuristic). It has become a so-called heuristic – an informed inversion algorithm.
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A Lower Bound on the Required Number of Iterations by a
Smoothness-Tuned Algorithm

Assume that the parameter space M ∈ RM is an M -dimensional cube of edge
length L, and consider a class F of ﬁt functions deﬁned over M. Assume that
ﬁt functions f ∈ F can be approximated to any precision by
f (m) ≈

J


uj φj (m)

(12)

j=1

where φ1 , φ2 , . . . , φJ is a set of linearly independent basis functions, and where
J will depend on the required precision. For instance, according to a theorem
by Brown [15], any continuous ﬁt function f ∈ F can be approximated to any
precision by (12) if φ1 , φ2 , . . . , φJ are radial basis functions of the form
φj (m) = g(m − mj 2 ),

mj ∈ Q

(13)

where g is a non-constant, completely monotone1 function deﬁned on [0, ∞[, and
Q is a compact subset of RM containing more than one point. The radial basis
functions φk (m) have ’spherical symmetry’, and they are translates of each other
(have diﬀerent mj ). The class of radial basis functions is very wide, containing
members as, for instance, exp(−m − mj 2 ), m − mj  and m − mj 2 ln(m −
mj ).
Assume ﬁrst that the only information we have about a ﬁt function f is
that it is ’band limited’ in the sense that it is given exactly by the ﬁnite linear
combination
J

uj φj (m),
(14)
f (m) =
j=1

and that we search for acceptable solutions to the inverse problem. Given that
an algorithm has sampled f in k distinct points m1 , . . . , mK and recorded the
corresponding function values s1 , . . . , sK , what is the chance that we have located the neighborhood of the global maximum/minimum for f ? To answer this
question, let us express our knowledge after K iterations through the equations:
sk =

J


uj g(mk − mj 2 )

k = 1, . . . , K

(15)

j=1

If we deﬁne the vectors s = (s1 , . . . , sK )T , u = (u1 , . . . , uJ )T , and the matrix
{G}kj = g(mk − mj 2 ), equation (15) can be written
s = Gu .
1

(16)

A function g deﬁned on [0, ∞[ is completely monotone if g is continuous on [0, ∞[,
inﬁnitely often diﬀerentiable on ]0, ∞[), and (−1)k g (k) (t) ≥ 0 for t > 0 and k =
1, 2, 3, . . ..
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If the solution u to this equation is non-unique, at least one of its components
u1 , . . . , uJ is unbounded (that is, can take any value without violating equation
(16)). If ul is such an unbounded component, f is (at best) only known modulo
an unbounded additional term ul g(m − ml 2 ). It is clear that the unknown
ul renders f ’s value in ml , and hence f ’s global maximum/minimum, undetermined. In other words, unless we can uniquely determine u, we will be unable
to locate the global maximum for f . u is uniquely determined only if GT G is
non-singular, and a necessary condition for this to be satisﬁed is that K ≥ J.
We have shown
Theorem 3. An inverse problem, whose ﬁt function is known to be a linear
combination of a linear independent set of J basis functions, cannot be solved
through less than J distinct function evaluations.
In the general case, we cannot expect to express f exactly with a ﬁnite number
of basis functions. Then f is only expressed with a certain accuracy  > 0, in
the sense that the discrepancy
n(m) = f (m) −

J


uj φj (m)

(17)

j=1

is constrained by
maxm |n(m)| ≤  .

(18)

In this case the problem is that equation (16) does not reliably determine the
coeﬃcient vector u when GT G is ill-conditioned. The discrepancy propagates
into the coeﬃcient vector, creating large errors, and the location of the global
maximum of f remains unknown.
The above considerations set a fundamental, unavoidable lower limit to the
number of iterations required by any inversion algorithm working with a ’bandlimited’ ﬁt function. We have not described how an ideal (maximum eﬃciency)
algorithm should work, but it is clear from the discussion that, contrary to the
’blind inversion’ case, not all algorithms are equally good.
To see this, consider again equation (16). An algorithm choosing its ﬁrst J
distinct sampling points such that GT G is non-singular and well-conditioned has
collected suﬃcient information to locate the global maximum for f (although
we have not shown how to do this). On the other hand, an algorithm choosing
its ﬁrst J distinct sampling points such that GT G is singular or ill-conditioned
is still missing information about the location of the global maximum of f . For
instance, a sub-optimal algorithm may, after J distinct function evaluations, have
failed to sample all J basis functions in points suﬃciently near their maxima.
Such an algorithm will need more than J distinct function evaluations to render
equation (16) solvable.
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The Complexity of an Inverse Problem with Known
Smoothness

Consider an inverse problem with a ﬁt function f deﬁned in an interval M of
edge length L in RM (an M -dimensional ’box’). Assume that f is smooth in the
sense that it can be expanded in a linear independent, ﬁnite set of radial basis
functions, centered in a regular grid in M with grid spacing l. The required,
total number of basis functions is then (L/l + 1)M , and according to Theorem
(3) this is the smallest number of distinct function evaluations needed to solve
the inverse problem. To reach this minimum number of evaluations, the safest
strategy for an algorithm is to sample close to the maxima of the basis functions,
and this calls for a sampling distance close to a multiple of l.
It should be noted, however, that in this important case the smallest number
of distinct function evaluations needed by any algorithm to solve the inverse
problem grows at least exponentially in M . This growth is severe, and shows
that the inverse problem is hard in the sense that the solution time grows faster
than any polynomial function [16]. In practice, this means that even signiﬁcant
improvements in computer speed will only allow the inverse problem to be solved
with a few more model parameters. Let us summarize this important observation
in the following:
Theorem 4. Consider an inverse problem for which our only knowledge is that
its ﬁt function can be expanded in a set of linearly independent, radial basis
functions, and assume that the basis functions are centered in a regular grid
covering the model space. Then the computation time for any algorithm aimed
at solving the inverse problem will grow at least exponentially with the number
of unknown model parameters.

7

Discussion and Conclusion

Wolpert and Macready [14] showed that, contrary to the belief of many practicians, there is no diﬀerence between the performance of the many existing,
and popular, meta-heuristics, unless they are tuned to the problem at hand
(and therefore no longer problem-independent). This means that all attempts to
improve on inversion algorithms must focus on the tuning. One of the most common tuning parameters is the ’step length’ (as in, e.g., simulated annealing) or
’sampling density’ (as in, e.g., the neighborhood algorithm). This kind of tuning
applies to cases where smoothness is the only known property of the ﬁt function.
Usually, the smoothness is determined empirically through experimentation
with a range of sampling densities. An example is steepest descent algorithms
where step lengths are adjusted in order to avoid ’instability’ of the algorithm.
Another example is the adjustment of the step length in Markov-chain Monte
Carlo methods, until the rate of accepted moves is reasonable [17]. A third
example is the neighborhood algorithm where the density of resampling can be
adjusted.
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In many inverse problems arising in physical sciences, the data, and hence
the ﬁt (or misﬁt) functions are smooth. An example is seismic waveform inversion, where the band-limitation of the seismic source function is inherited by
the ﬁt function. If one attempts to solve this problem with an algorithm that
is only informed about the smoothness of the ﬁt function (through numerical
experimentation or through some spectral information), the solution time will
grow exponentially with the number of unknown parameters. This means that
large-scale, seismic waveform inversion problems are essentially unsolvable in
this way. On the other hand, it is well known that solution of such problems
may be feasible with ’well-informed’ algorithms, based on the theory of seismic
wave propagation.
We should mention a couple of objections that could be raised against our
exposition. First, does the above theory account for the situation that an algorithm may sometimes, by accident, start its search/sampling close to a solution?
The answer to this question is that in large-scale inverse problems with many
unknown parameters, there is a negligible probability that an algorithm, only
informed about the smoothness of f , would start near an acceptable solution.
We have therefore ignored this situation.
A second objection concerns the fact that we have treated deterministic methods (searching only for one feasible solution), and Monte Carlo sampling methods
(aiming at ﬁnding many feasible solutions) in a uniﬁed theory. Clearly, sampling
methods start with a ’burn-in phase’ which is comparable to deterministic methods in its aim at locating one acceptable model, but this phase is followed by a
’sampling phase’ which is apparently the real production phase of the sampling
algorithm. To what extent is the sampling phase considered in our theory? The
answer is, that our theory only considers the burn-in phase of a Monte Carlo
sampling. In this connection it should be remembered that the burn-in process
not only concerns the initial search for acceptable solutions. If the ﬁt function
for the problem has many isolated islands of acceptable solutions, the burn-in
time is also a measure of the time it takes for the algorithm to move from one
solution island to the next.
As a ﬁnal remark we should note that, although we have demonstrated that
all blind inversion schemes are equally (in)eﬃcient, and that eﬃcient algorithms
can only be obtained through problem-dependent tuning, it is certainly possible
that some algorithm designs are more easily tuned than others. This may be
responsible for some of the diﬀerences that practitioners observe between popular
algorithms.
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